


Chain Regularization

Chain vectors Rk = rk+1 − rk; k = 1, ..., N − 1

Physical momenta pk = mkvk; k = 1, ..., N

Relative momenta Wk = Wk−1 − pk; k = 2, ..., N − 2

Hamiltonian

H =
1

2

N−1
∑

k=1





1

mk
+

1

mk+1



 W2

k −
N−1
∑

k=2

1

mk
Wk−1 ·Wk −

−
N−1
∑

k=1

mkmk+1

Rk
−

N
∑

1≤i≤j−2

mimj

Rij

Equations of motion
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KS relations Rk = Lk Qk; Wk = Lk Pk/2Q2
k

Time transformation dt = gdτ ; g = 1/L

Regularized Hamiltonian Γ∗ = g(H − E)

Regular solutions Rk → 0; k = 1, ..., N − 1



Chain Decision-Making

Perturber search R = a(1 + e), ∆tcm < ∆tcl

Selection criterion dj < Rcl, ḋj < 0, j ≤ N or j > N

Binary termination KS ⇒ S + S, t = tblock

Chain initialization Q, P from mi, ri, ṙi

Time inversion ∆τ =
∫

L dt, ∆t = tmax − t

Slow-down procedure γ =
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Collision test min {Rk} < f max (r∗k, r∗k+1)

Addition of member
∑

Rk + dj < Rcl, ḋj < 0

Escape 1

2
ḋ2 − M/d > 0, d > Rcl, ḋ > 0

Termination max {Rj} > Rcl, Ṙk > 0

Stability check B – B ⇒ T + S, aout(1 − eout) > Ψain

Time quantization tnew = tprev + [(t − tblock)/δt] δt

Re-initialization R2
ij ⇒ KS + S + S, or KS + KS + S



Chain Procedures

Initialize in c.m. frame
∑

mi ri = 0,
∑

mi ṙi = 0

Total energy of subsystem E = 1
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Select chain indices & vectors Q, P, Neq = 8 (N − 1)

Define useful quantities Tcr, Rgrav, ∆τ0

Form perturber list d <
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Check time-step ∆τ =
∫

L dt, L = T − Φ

B-S integration step ri = ((1
6
Ḟiδti + 1

2
Fi)δti + ṙi)δti

Transform to physical variables Rk = LQk, Wk =
LPk

2Q2
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Check slow-down & switching γ < γ0, R12 < max (R1, R2)

Termination test Ṙ2 > 2M/R, R > Rcl

Chain as decision tool a...b.................c...d

Continue N -body integration t > tmax = tblk


