
Three-Body Regularization

Initial conditions ri, pi, p3 = −(p1 + p2)

Basic Hamiltonian µk3 =
mkm3

mk + m3

H =
2∑

k=1

1

2µk3

p2
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p1·p2 −
m1m3
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−
m2m3

R2

−
m1m2

R

KS coordinate transformation Q2

k = Rk , (k = 1, 2)

Time transformation dt = R1R2 dτ

Regularized Hamiltonian Γ∗ = R1R2 (H − E0)

Γ∗ =

2∑

k=1

1

8µk3

Rl P
2

k +
1

16m3

PT
1
A1 ·A2P2

−m1m3R2 −m2m3R1 −
m1m2R1R2

|R1 − R2|
−E0R1R2

Equations of motion

dQk

dτ
=

∂Γ∗

∂Pk

,
dPk

dτ
= −

∂Γ∗

∂Qk

Regular solutions: R1 → 0 or R2 → 0

Singular term < regular terms: |R1 − R2| > max (R1, R2)



Three-Body Transformations

Coordinates & momenta qk = q̃k − q̃3, pk = p̃k

Regularized coordinates (q1 ≥ 0)

Q1 = [1
2
(|q1| + q1)]

1/2

Q2 = 1

2
q2/Q1

Q3 = 1
2
q3/Q1

Q4 = 0

Regularized momenta Pk = Ak pk

Basic matrix

A1 = 2











Q1 Q2 Q3 Q4

−Q2 Q1 Q4 −Q3

−Q3 −Q4 Q1 Q2

Q4 −Q3 Q2 −Q1


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





KS transformations qk = 1
2
Ak

TQk

Physical momenta pk = 1

4
Ak

TPk/Rk

Coordinates & momenta

q̃3 = −

2
∑

k=1

mkqk/M

q̃k = q̃3 + qk

p̃k = pk

p̃3 = −(p1 + p2) (k = 1, 2)



Perturbed Three-Body Regularization

Regularized Hamiltonian

Γ∗ = R1R2(H3 + R− E) , E3 = E −R

New equations of motion

dQk

dτ
=

∂(R1R2H3)

∂Pk

dPk

dτ
= −(H3 − E3)

∂(R1R2)

∂Qk
− R1R2

∂

∂Qk
(H3 + R)

External perturbation for Plummer model

∂R

∂Qk
=

3∑

i=1

∂R

∂ri

∂ri

∂qk

∂qk

∂Qk
,

∂R

∂ri
= −

miMpri

(r2
i + ǫ2)3/2

Transformations and c.m. condition rcm =
∑

miri/M

r1 = rcm + (m2 + m3)q1/M − m2q2/M

r2 = rcm − m1q1/M + (m1 + m3)q2/M

r3 = rcm − m1q1/M − m2q2/M

Application of ∂ri/∂qk yields mass ratios

Motion of c.m.
dvcm

dτ
= −R1R2Mp

∑ miri

(r2
i + ǫ2)3/2



Basic transformation qk = AT

k Qk/2 gives ∂qk/∂Qk = Ak

Combining terms

∂R

∂Qk
= −

Akmk

M
[ml(Fk−Fl)+m3(Fk−F3)] , l = 3−k

Internal energy change

dE3

dτ
= −

dR

dτ

Conversion to known expressions

dR

dτ
=

2∑

k=1

∂R

∂Qk

dQk

dτ

Substitution
dQk

dτ
=

1

4µk3

RlPk +
1

16m3

AkAl
TPl

Orthogonality condition

AkAk
T = 4Rk

Final energy derivative

dR

dτ
= −

1

4

2∑

k=1

RlPk
TAk(Fk − F3)

Note ∂R/∂Qk used for P
′

k and E
′

3

Consistency check: ∆E = H3 − E3



TRIPLE2 Features

Time reversal Strict accuracy test: σx, σv

X11 movie make xtriple

PGPLOT movie make ptriple

External perturbation Plummer model: Mp, ap

Closest encounter Osculating two-body separation

Physical collision Iteration for small Rk (project)

Physical units Introduce M ∗, L∗, ⇒ T ∗, V ∗

Post-Newtonian terms c =
3 × 105

V ∗
, (project)



Post-Newtonian Terms

Equation of motion
d2

r

dt2
=

M

r2

[

(−1 + A)
r

r
+ Bv

]

First-order precession M = m1 + m2, η =
m1m2

M 2

A1 = 2(2 + η)
M

r
− (1 + 3η)v2 +

3

2
ηṙ2

B1 = 2(2 − η)ṙ

Second-order precession A2 = ..., B2 = ...

Gravitational radiation

A5/2 =
8

5
η
M

r
ṙ

(

17M

3r
+ 3v2

)

B5/2 = −

8

5
η
M

r

(

3
M

r
+ v2

)

Total GR perturbation

PGR =
m1m2

c2r2

[

(A1 +
A2

c2
+

A5/2

c3
)
r

r
+ (B1 +

B2

c2
+

B5/2

c3
)v

]

Radiation energy loss

∆EGR =

∫

PGR · v dt

Time-scale for shrinkage τGR = 1.3 × 1018
a4

m1m2M

(1 − e2)7/2

4.5

Kozai cycles A2, B2 activated if τKozai < 0.01 τGR



Alternative Transformations

Improper integral

τ =

∫

dt

R1R2

for R1, R2 → 0

Modified time transformation

t′ =
R1R2

(R1 + R2)1/2
; t′ ∝ R3/2

Ṙ ∝ R−1/2, R3/2
∝ t, ⇒ τ ∝ ln t

Potential energy choice t′ =
1

U

Explicit time relation t = −
τ + C

2E
+

1

2E

i=3
∑

i=1

ri · pi

Regular expression t =

(

1

2

k=2
∑

k=1

QkPk − C − τ

)

/2E

Lagrangian choice t′ =
1

T − U


