Three-Body Regularization

Initial conditions r,, pi, P3 = —(p1+ p2)
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Basic Hamiltonian [lhg = RN
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KS coordinate transformation Qi = Ry, (k=1,2)

Time transformation dt = RiRydr
Regularized Hamiltonian [ = RiRy (H — Ey)
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Equations of motion
dQp oI dP, oI
dr 0P’ dr — 0Qy

Regular solutions: Ry — 0 or Ry — 0

Singular term < regular terms: |R; — Rp| > max (R, R»)



Three-Body Transformations

Coordinates & momenta q; = qr — 493, DPkr = Dk

Regularized coordinates (¢; > 0)

Q1 = [lail +a)]'"?

Q2 = g2/
Q3 = g3/
Qs =0
Regularized momenta P, = A, p:
Basic matrix
Q1 Q2 Q3 Q4
—Q2 Q1 Q4 —Q3
A =2
: —Q; —Q1 Q1 @
Q@ @ Qi |
KS transformations qQir = %AE I
Physical momenta pi = iAkT P/ Ry
Coordinates & momenta
2
G = — )y mqe/M
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qQr = 93+
Pr = Dk

pPs = —(P1+P2) (k=1,2)



Perturbed Three-Body Regularization

Regularized Hamiltonian
["=RRy(Hs+R—-FE), Es=FE—-TR

New equations of motion

dQ;  O(RiRoH3)

dr B (‘9Pk
dP; O(R1 1) 0
H; — FE — RiR Hs +R
I —(H3 — E3) 0Q; 1 2(9Qk;< 3+ R)
External perturbation for Plummer model
Z OR 81‘1 @qk OR L miMpri
an or; 0qy an or; B (?“22 + 62)3/2

Transformations and c.m. condition r, = Z mr; /M
| = Loy + (M2 +m3)q/M — maqa/M
ry = Tem — madi/M + (my + m3)qa/M

I's=TYcm — m1<11/M - m2Q2/M

Application of dr;/0qy yields mass ratios

Motion of c.m.



Basic transformation q; = A} Q;/2 gives 0qi/0Qy. = Ay,

Combining terms

IR __Agm
0Q, M

[ml(Fk—Fl)—i—mg(Fk—Fg)] , 1 =3—k

Internal energy change

4B, __dR
dr  dr

Conversion to known expressions

dR <~ OR dQ:
dr

1 an dr
d 1 1
Substitution Q = R/P; + ALATP,
dr 4Mk3 16m3

Orthogonality condition
ALAL = 4R,

Final energy derivative

dR

2
1
- = _—_ Z RZP/;FA]{(F]{ - F3)
dT 4 1

Note R /OQ; used for P, and E,

Consistency check: AFE = H3 — Ej



TRIPLE2 Features

Time reversal

X11 movie

PGPLOT movie
External perturbation
Closest encounter
Physical collision

Physical units

Post-Newtonian terms

Strict accuracy test: oy, oy
make xtriple

make ptriple

Plummer model: M, a,
Osculating two-body separation

[teration for small Ry (project)

Introduce M*, L*, = T* V*

3107
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c (project)



Post-Newtonian Terms

Equation of motion

First-order precession

Second-order precession

Gravitational radiation

dr M r
L O B]
dtz2  r? [< + )7“+ v
mim
M =mi+mq, n= ]\1422

M 3
A =202+ 77)7 — (L + 3n)w* + émﬁ
By = 2(2 - 77)7"
AQZ cery BQZ

5 31
M
B5/2 = ——77— (3— + ’1}2)
r r
Total GR perturbation
MM Ay Aspr By 5/2
Per = c2r? [(A1+ ¢z ); (Bi+ Z e v

Radiation energy loss

Time-scale for shrinkage

Kozai cycles

AEGR = /PGR'th

al (1 _ e2)7/2

— 1.3 x10'®
TGR mlmgM 4.5

Ay, By activated if Tioma < 0.01 7gp



Alternative Transformations

Improper integral

dt
T = / R for Ry, Ry — 0

Modified time transformation

R Ry . 3/2
"= (Ry + Rg)V/?’ o 1Y

Rox RV RV xt, =71 lint

1
Potential energy choice t = i
T+ C
Explicit time relatio t = — —
xplicit time relation 5 +2E
| k=2
Regular expression t = (5 Z Q.P. —
k=1
1
Lagrangian choice t =



